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Abstract—Recent works on multiuser MIMO study have shown
that the linear growth of capacity in single user MIMO system
can be translated to the multiuser MIMO scenario as well.
In this paper, we propose a method pursuing performance
gain of vector perturbation in multiuser downlink systems.
Instead of employing the maximum number of mobile users for
communication, we use small part of them as virtual users for
improving reliability of users participating communication. By
controlling parameters of the virtual users including information
and perturbation vector, we obtain considerable improvement in
the effective SNR. Simulation results on the realistic multiuser
MISO and MIMO downlink systems show that the proposed
method brings substantial performance gain over the standard
vector perturbation with marginal overhead in computations.
Index Terms—Multiuser downlink, vector perturbation, noninteger least square, sphere encoding, transmit precoding, virtual
users.

I. I NTRODUCTION
Recently, there has been growing interest in multiuser
MIMO broadcast system where a basestation with multiple
antennas transmits independent information to multiple mobile
users, each with one or more receive antennas on the same
frequency and time slots. Due to the fact that co-channel interference is hard to be managed by the receiver operation, and
more importantly capacity of interference channel can be made
equivalent to capacity without interference by judiciously
controlling interference at the transmitter, pre-cancellation
of the interference via the precoding at the transmitter has
received much attention. It is now well known that dirty
paper coding (DPC) [2] can achieve the capacity region of the
multiuser MIMO downlink [3]–[5]. However, the shortcoming
of the DPC is that system implementation leads to the high
computational cost of successive encoding and decoding [6].
Lately, an approach referred to as vector perturbation technique [7] achieves the performance close to the capacity on
multiantenna multiuser downlink channel. By adding a deliberately designed perturbation vector into the information vector,
the vector perturbation provides substantial improvement in
the performance over the linear precoding methods such as
channel inversion and regularized inversion with no virtual
overhead in the receiver. Although the vector perturbation is a
promising scheme for maximizing the sum rate of the MISO
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type broadcasting channel, we might need a strong protection
against fading to meet the quality of service (QoS) of nextgeneration wireless systems.
In this paper, we put forth an approach improving the bit
error rate performance by sacrificing the goal of maximizing
the sum rate. To be specific, when the channel of certain users
is in outage, we exploit these users to improve the reliability
of the rest participating in communication. Towards this end,
the proposed approach selects virtual users among users in
outage to improve the signal-to-interference-plus-noise ratio
(SINR) of active users. It should be noted that, although the
objective of proposed method and diversity technique [8] to
resist the channel fading for improving reliability is the same,
the means to achieve the goal is dearly distinct. While the
diversity scheme accomplishes the goal by employing spatial
or temporal replica of the transmitted signal, the proposed
method attains the most out of the users whose contribution to
the sum rate is trivial. Indeed, since parameters of sacrificing
users including information data, perturbation vector, and even
further the associated channel vector can be arbitrarily chosen,
proper control of these parameters help improving the SINR
of the mobile users participated in communication.
The rest of this paper is organized as follows. After a
brief summary of system model and the vector perturbation
technique in Section II, we present the proposed method in
Section III. In section IV, we extend the proposed method to
the multiuser MIMO downlink scenario. We discuss simulation
results in Section V and provide conclusion in Section VI.
We briefly summarize notations used in this paper. We
employ uppercase boldface letters for matrices and lowercase
boldface for vectors. The superscripts (·)H and (·)T denote
conjugate transpose and transpose, respectively. k · k indicates an L2 -norm of a vector. diag(·) is a diagonal matrix
where nonzero elements exist only on the main diagonal of
the matrix. CN (m, σ 2 ) denotes a complex Gaussian random
variable with mean m andR variance σ 2 . Q(x) denotes Q∞
function defined as Q(x) = x √12π exp(−x2 /2)dx.

II. S YSTEM M ODEL AND P REVIOUS W ORKS
In the multiuser downlink MISO system, a basestation
composed of M antennas transmits information to K mobile users, each with a single receive antenna. Under the
flat fading channel assumption, the received signal vector
y = [y1 , · · · , yK ]T can be described by
y = Hx + n

(1)

where H = [hT1 , · · · , hTK ]T is the K × M channel matrix where hi is the channel vector of the user i, x =

2
τ

information becomes s̃ = s + τ ℓ where τ ∈ R+ and ℓ = ℓre +
jℓim (ℓre , ℓim ∈ ZK ) is a K-dimensional complex vector [7].
Similar to the regularized inversion technique, the transmitted
signal of this approach is
−1
Ps̃
1
x = √ = √ HH HHH + αI
s̃
γ
γ

(4)

where γ = kPs̃k2 . In this approach, ℓ minimizing γ is chosen
to boost the effective SNR and thus
−1
ℓ = arg min
kHH HHH + αI
(s + τ ℓ′ )k2 .
(5)
′
ℓ

(a)

l = −1

This integer least squares problem can be solved by a closest
lattice point search, referred to as sphere encoder [7]. Note that
since the vector perturbation searches ℓ from the set {s + τ ℓ |
ℓ ∈ ZK + jZK } to generate minimum possible γ, γ of the
standard vector perturbation is always smaller than or equal
to the regularized channel inversion where ℓ = 0. Plugging
(4) into (1), the received vector becomes y = Hx + n ≈
√1 s̃ + n = √1 (s + τ ℓ) + n. Since elements of ℓ are integers,
γ
γ
τ ℓ can be removed by the modulo operation [7] in the receiver
and hence

l =0

1 √
s
y′ = √ ( γy mod τ ) ≈ √ + n.
γ
γ
(b)
Fig. 1. Illustration of γ reduction using the vector perturbation. Lattice points
with gray dots represent s + τ ℓ′ in (a) and P(s + τ ℓ ′ ) in (b). We can observe
from (b) that ℓ = −1 provides smaller γ than ℓ = 0.

[x1 , · · · , xM ]T is the transmitted signal vector normalized
with the unit power constraint (Ekxk2 = 1), and n =
[n1 , · · · , nK ]T is a complex Gaussian noise vector (n ∼
CN (0, σn2 I)).
In generating the transmitted signal, well-known channel
inversion (zero forcing) scheme multiplies the pseudo inverse
of the channel matrix P = HH (HHH )−1 to the information
vector s to remove the interference at the transmitter. An
enhanced scheme adding a multiple of the identity matrix
αI into the matrix to be inverted called regularized channel
inversion was also proposed (P = HH (HH H + αI)−1 ) [9].
In this method, the transmitted signal vector at the basestation
is
Ps
1
x = √ = √ HH (HHH + αI)−1 s
(2)
γ
γ
where γ = kHH (HHH + αI)−1 sk2 is employed to ensure
the unit transmit power constraint and the desired information
vector s = [s1 , · · · , sK ]T is chosen from q-ary quadrature
amplitude modulation (QAM). The received signal vector is
1
y = Hx + n = √ HHH (HHH + αI)−1 s + n
γ

(3)

where α > 0. When α = 0, regularized inversion returns to
the channel inversion.
In the vector perturbation method, the information vector s
is perturbed by an integer offset vector τ ℓ so that the modified

(6)

The salient feature of the vector perturbation lies on the use of
integer based perturbation vector that can be easily removed
by the modulo operation in the receiver, which provides
considerable reduction of γ (see Fig. 1).
III. V ECTOR P ERTURBATION

WITH

V IRTUAL U SERS

A. Motivation
Although the vector perturbation method achieves bit error
rate performance close to the sum capacity [4], in many
practical scenarios where some mobiles are under deep fading
over multiple codeblocks, performance loss for each user will
be considerable. Recalling that the received vector of jth user
is yj ≈ √1γ s̃j +nj , the received SNR of user j after the modulo
Eks k2

operation becomes SNRj = Eγknjj k2 . In fact, since γ affects
SNR of all users, whole mobile users will suffer performance
degradation when the channel matrix is poorly conditioned
due to the deep fading of certain users. An idea motivated by
this observation is to exploit part of spatial degree of freedom
as sacrificial lambs (virtual users) to enhance performance of
the active users. Since the performance of virtual users is
not our concern in this case, an aggressive control of their
parameters is possible for maximizing performance gain of
active users. In fact, the key distinctions of the proposed
method over the standard vector perturbation are that 1)
selection of virtual users when channels of certain users are in
outage, 2) construction of well-conditioned H matrix by using
channel vectors of virtual users, and finally 3) selection of the
non-integer perturbed input sv + τ ℓv for virtual users using a
modified sphere encoding. For the analytic simplicity, we do
not consider the modulo loss at the receiver in our sum rate
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analysis.1 Also, we consider γ without regularization (α = 0).
Thus, our result in this section might be slightly pessimistic.

where X = [X0 X1 ] is the rows of virtual users for which we
do not care. Clearly, there is no impact of virtual channel on
the received signal of active users yj for j = 1, · · · , Na . After
the precoding with H̃, the received vector for active users is
expressed as
1
ya = √ s̃ + n.
(8)
γ
Let us now consider the virtual channel selection.
Denoting


−1

γ of the proposed method as γ ′ , γ ′ = kH̃H H̃H̃H
s̃k2

−1
= s̃H H̃H̃H
s̃. Also, using the eigenvalue decomposition

Standard vector perturbation
min(1/λ1 + ... + 1/λM) in (10)

1.2

max min λ in (11)

1
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B. Virtual User Selection
Our goal in this subsection is to select virtual users, only
if at least one user is in outage, and then construct a channel
matrix being used for the precoding. In the first stage, outage
condition is tested for each user to select Na active users
(Na,min ≤ Na ≤ K). Next, in case Na < K (i.e, at least one
virtual user is selected), K −Na virtual channels are generated
to replace the rows of sacrificing users with these.
To be specific, in the first stage, we check whether a user is
in outage. For a given rate threshold ǫ, we say a user j is in ǫoutage if the rate Rj = log (1 + SNRj ) of the user is smaller
than ǫ. If no user is in ǫ-outage, all users become the active
users (Na = K). Otherwise, we choose at most K − Na,min
virtual users among users in outage.
Once at least one virtual user is chosen, our concern in H
matrix construction is only on the rows hk of virtual users
k. Instead of randomly generating hk , we select channels
of mobile users not participating in real communication as
candidates for virtual rows. That is, rows of sacrificing users
in H are replaced by those of candidates. Since the generated
channel matrix we use in the precoding is distinct from the
original channel matrix H, we henceforth denote it as H̃.
Without loss of generality, we assume that users are sequenced
in the following order: active users and virtual users. Then the
top Na rows of H̃ corresponding to active users are equivalent
to those of H and hence
"
#
INa 0
HH̃H (H̃H̃H )−1 =
(7)
X0 X1
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Fig. 2. (a) E[γ] of the proposed method (using (10) and (11) and Na,min =
3 and Nc = 10) as well as standard vector perturbation for 4 × 4 multiuser
MISO downlink system. (b) E[γ] of the proposed method as a function of
the number of virtual candidates Nc (SNR = 15 dB)

of H̃H̃H = QΛQH , we have γ ′ = s̃H QΛ−1 QH s̃. By letting
ṽ = QH s̃, γ ′ is expressed as
γ ′ = ṽH Λ−1 ṽ =

M
X
|ṽi |2
i=1

λi

(9)

where λi is ith eigenvalue of H̃H̃H and ṽi = qH
i s̃ is ith
element of ṽ vector (qi is the ith column of Q). Since 0 ≤
1 Since the modulo loss occurs only when the noise power is much larger
than the
SNR increases (i.e.,
√ signal power, it converges to√0 when the channel
2 → 0). For example, the
((s + γn + τ p) mod τ ) = (s + γn) when σn


probability of modulo loss event for QPSK system is 1 − (Q √−3
−
γσ
n


1
2
Q √γσ ) so that this event rarely occurs for most mid and high SNR
n
regime.

2
2
λi ≤ 8M [10] while ΣM
i=1 |ṽi | = ks̃k , variations among
2
|ṽi | is usually smaller than that of λi and thus the criterion
to choose H̃ among candidate matrix H̃j can be approximated
to
X 1
H̃ = arg min
(10)
(j)
H̃j
i λi

where H̃j is the jth candidate matrix including the rows hj
(j)
of virtual users j and λi is the ith eigenvalue of H̃j H̃H
j .
Note that in choosing H̃ using (10), we need to find all the
eigenvalues of H̃j H̃H
j , which can be cumbersome for a large
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P
dimensional matrix. Exploiting the approximation i λ1i =
λ1
λ1
1
1
λ1 (1 + λ2 + · · · + λM ) ≈ λ1 where λ1 < · · · < λM , we
obtain a simplified condition (max-min criterion) given by
(j)

H̃ = arg max λmin .

(11)

H̃j

By employing (11) instead of (10), computational overhead
can be reduced substantially.2
Fig. 2(a) plots γ ′ as a function of SNR for the standard
vector perturbation and proposed approaches employing (10)
and (11). Although the average γ ′ using (10) is smaller than
that obtained from (11) in low SNR regime, they become close
when the SNR increases. This suggests that max-min criterion
can provide cost effective solution with negligible performance
loss for mid and high SNR regime. In order to observe how
many virtual user candidates do we need for achieving best
performance, we simulate γ ′ as a function of the number of
candidates Nc . We see from Fig. 2(b) that with only small
number of candidates (Nc ≈ 10), E[γ ′ ] becomes close to the
achievable limit.
C. Modified Sphere Encoding for Searching Optimal γ ′
In the standard vector perturbation, the sphere encoding
solves
−1
min kHH HHH
(s + τ ℓ)k2
(12)

It is interesting to note that, while an integer constraint is
imposed for ℓa , such is not necessarily for ℓ̃v since the
symbols of virtual users are not our interest. Thus, the way
to minimize γ ′ is to choose ℓ̃v from the Nv -dimensional
complex plane (Ṽ = C) and to choose ℓa from UNa . In fact,
the resulting problem becomes a mixture of integer and noninteger least squares problem given by
γ ′ = min
ℓa

min
ℓ̃v ∈CNv

r − B1 ℓa − B2 ℓ̃v

2

(16)

where B1 ∈ CM×Na and B2 ∈ CM×Nv are the partitioned
sub-matrices of B = [B1 B2 ].
The way to solve this problem consists of two steps.
In the first step, optimal ℓ̃v for each ℓa is computed using the standard least squares technique. Then ℓ̃v becomes
a function of ℓa (i.e., ℓ̃v = f (ℓa )). Denoting g(ℓa ) =
2
minℓ̃v ∈CNv kr − B1 ℓa − B2 f (ℓa )k , (16) can be expressed as
γ ′ = min g(ℓa ).
ℓa ∈UNa

(17)

In the second step, we solve this integer least squares problem
(ILSP) using the sphere encoding. To be specific, for given ℓa
(i.e., when r − B1 ℓa is fixed), the optimal solution for the
non-integer least squares problem becomes minimum norm
solution [14], [15]

ℓ∈UM

where U = Z + jZ. In practice, U = {z + jz|z = 0, ±1, ±2}
is used since most of real and imaginary ℓ values are either
0, ±1, or ±2 [13]. Since s̃ of" the proposed
can be
#
" method
#
sa
ℓa
represented as s̃ = s + τ ℓ =
+τ
, it is clear
sv
ℓv
that the precoding of the proposed scheme contains additional
control variable sv other than ℓ. Then the optimization problem
of the proposed method becomes

−1
kH̃H H̃H̃H
min
(s + τ ℓ)k2
(13)

∈UNa

−1 H
ℓ̃v = (BH
B2 (r − B1 ℓa ).
2 B2 )

(18)

Plugging (18) into (16) and after some manipulation, we have
γ′

=

−1 H
min k(I − B2 (BH
B2 )r
2 B2 )

ℓa ∈UNa

−1 H
−(I − B2 (BH
B2 )B1 ℓa k2 .
2 B2 )

(19)

−1 H
Let Γ = I − B2 (BH
B2 , then (19) becomes
2 B2 )

γ ′ = min kΓr − ΓB1 ℓa k2 .
ℓa ∈UNa

(20)

Note that Γr is the projection of r onto the complement
subspace
of T = span{b2,i } where b2,i is the ith column
is the modulation set for virtual users. Before
where V
vector
of
B2 . ΓB1 ℓa can be interpreted in a similar way.
converting this into the standard least squares problem, it is
Since
we
search
ℓa after projecting r and B1 ℓa vectors into the
desirable to rearrange s + τ ℓ as
"
#
"
# "
#
"
#
complement subspace of T , the search space of the proposed
sa
ℓa
sa
ℓa
s + τℓ =
+τ
=
+ τ sv
(14) method is reduced to Na -dimensional integer lattice from the
K-dimensional integer lattice (Na < K). By letting r̄ = Γr
sv
ℓv
0
+
ℓ
v
τ
and B̄1 = ΓB1 in (20), we have
where sa and ℓa are information and perturbation vector of
active users. Denoting ℓ̃v = sτv + "ℓv , (14)
as
γ ′ = min kr̄ − B̄1 ℓa k2 .
(21)
# can be rewritten
"
#
ℓa ∈UNa
ℓ
u
a
a
′
′
s + τ ℓ = s′ + τ ℓ where s′ =
and ℓ =
.
Since this is a standard ILSP, γ ′ and ℓa can be obtained by the
0
ℓ̃v
It is worth mentioning that even after this transform, the sphere encoding. Once ℓa is obtained, by plugging ℓa back to
role that s′ is given while ℓ′ needs to be optimized
remains (18), ℓ̃v is attained. Following simple example illustrates basic
−1
idea of the proposed approach.
H
H
′
unchanged. By denoting r = H̃
H̃H̃
s and B =
Example : Suppose the channel of standard vector pertur
−1
bation is given by
−τ H̃H H̃H̃H
, (13) becomes
"
#
2 3
γ′ =
min
kr − Bℓ′ k2 .
(15)
H=
,
(22)
ℓa ∈UNa ,ℓ̃v ∈ṼNv
1 2
ℓ∈UM ,sv ∈VNv
Nv

2 Simple iteration algorithms to find the minimum eigenvalue of H̃ H̃H
j j
include inverse power method and shifted power method. Refer to [11], [12],
[17] for detailed description of these.

and the symbol vector chosen from 2-PAM is u = [1 − 1]T ,
then γ ′ value obtained from (12) becomes 0.4396. Whereas, if
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TABLE I
O PERATION OF THE PROPOSED METHOD

Input:
Output:
Variable:

Step 1:
Step 2:
Step 3:

H, s
ℓ
j denotes the user index
K denotes the number of users
ǫ denotes the given threshold
Compute γ = kHH (HHH + αI)−1 s̃k2 of the standard vector perturbation
P
PK
Eksj k2
Compute sum rate as K
j=1 Rj =
j=1 log (1 + SNRj ) where SNRj = Eγknj k2
If users are in outage (Rj < ǫ)
(j)
Select the virtual users as H̃ = arg maxH̃j λmin

−1
Compute γ ′ = kH̃H H̃H̃H
s̃k2 with the virtual users

−1
(s′ + τ ℓ′ )
Transmit x = √1 ′ H̃H H̃H̃H
γ

Else
Transmit x =

H
1
√ H
γ

HHH

End

a virtual user is introduced, then the second row of the virtual
channel matrix can be designed to minimize γ ′ as
"
#
2 3
H̃ =
,
(23)
2 1
and the symbol vector chosen from 4-PAM (for ensuring 2
√
bits/channel use for both cases) is s′ = [ −3
0]T . In this
5
′
case, γ value obtained from (20) becomes 0.3663, resulting in
20% reduction of original value. When 2-PAM is employed,
γ ′ value becomes 0.2731, but the information rate is reduced
to half.
To analyze benefit of the proposed method over the standard
vector perturbation, we consider the error probability using
the QPSK modulation. Denoting the error probability of the
proposed method and standard vector perturbation as Pe′ and
Pe , respectively, then the relationship between two can be
described as Pe′ = βPe where β is the attenuation factor
indicating the improvement of the error performance (the
decibel gain in performance is −10 log β).
Lemma 1: The attenuation factor β is lower bounded by
r




2 γ′
γ′
c
γ′
β>
1−
exp − ′ (1 − )
(24)
π c
c
2γ
γ
where c = σ22 .
n
Proof: Recalling that the error probabilityq
of QPSK

√
c
modulation is Q( 2SNR), Pe and Pe′ become Q
and
γ
q 
c
2
Q
2 . Using the properties of Q-function
γ ′ , where c = σn
[16], we have


1
c
Pe ≤
exp −
(25)
2
2γ




1 γ′
γ′
c
Pe′ > √
1−
exp − ′ .
(26)
c
2γ
2π c
Using (25) and (26) together with Pe′ = βPe , we get (24).
This result states that the gain of the proposed method
strongly depends on γ ′ . The overall operation of the proposed
method is summarized in Table I.

−1

(s + τ ℓ)

D. Lower Bound of the Sum Rate Loss
The sum rate achieved by the standard vector perturbation
is
Rorg =

K
X

Rj =

j=1

K
X

log(1 + SNRj )

(27)

j=1

Eks k2

where SNRj = Eγknjj k2 . Without loss of generality, we
assume that R1 > · · · > RK . Then the virtual user selection
strategy searches at most K −Na,min users in outage (Rj < ǫ).
Lemma 2: For given ǫ > 0, the sum rate of the proposed
method satisfies
Rprop > Rorg − (K − Na,min )ǫ.

(28)
PNa,min

Proof: It is clear from (27) that Rorg =
j=1 Rj +
R
.
Also,
the
sum
rate
of
the
proposed
method is
j=Na,min j
PNa
Eksj k2
′
′
Rprop = j=1 log(1 + SNRj ) where SNRj = Eγ ′ knj k2 . Since
Na ≥ Na,min and γ > γ ′ , we have
PK

Na,min

Rprop

≥
>

X
j=1

Rj = Rorg −

K
X

Rj

j=Na,min +1

Rorg − (K − Na,min )ǫ.

(29)

In particular, if Na,min = K − 1, then Rprop > Rorg − ǫ.
Note that since (28) holds for any channel realization,
the lemma will also hold in ergodic sense (average over
all possible channel realizations). Note also that due to the
reduction of γ and sporadic use of virtual users, the sum rate
loss will be smaller than (K − Na,min )ǫ in practice.
E. Comments on Complexity
In this subsection, we compare the complexity of the
proposed method and the standard vector perturbation. Note
that since the modulo operation at the receiver is common, we
focus only on computations associated with the transmitter
precoding. While the major operation of the conventional
approach is the sphere encoding to compute perturbation
vector ℓ, user selection step and modified sphere encoding
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TABLE II
C OMPUTATIONAL COMPLEXITY ( FLOPS ) OF THE PROPOSED METHOD AND
STANDARD VECTOR PERTURBATION ( AVERAGE OVER 103 CHANNEL
REALIZATIONS )
Operations
Standard VP for outage check
Virtual user selection
Modified sphere encoding via FSE
ℓ̃v computation
Proposed method
Standard VP

Nv = 1
Nv = 2
3015
3015
343
686
307
83
16
33
3681
3817
3015

ble II summarizes flops of the proposed method and standard
vector perturbation. We observe that the additional complexity
of the proposed method over the standard vector perturbation
are 22% (Nv = 1) and 26% (Nv = 2), respectively. We
also observe that the complexity of the sphere encoding with
Nv = 2 is smaller than that with Nv = 1 since the search
dimension is reduced from 3 to 2. However, due to the increase
in complexity of user selection part, overall complexity for
Nv = 1 and 2 is more or less similar.
F. Scheduling for fairness

are additionally required for the proposed method. Denoting
the complexity associated with user selection, ℓ̃v computation
in (18), and the sphere encoding as Cu , Cℓ̃v , and CSE , respectively, then the number of required floating-point operations
(flops) for each step is as follows [17]:
4
3
H
• Cu requires 3 M flops for inverting of H̃j H̃j matrix,
2
2
k × 2M + 2M + 4M flops for computing the minimum
eigenvalue using an inverse power method (k is the
iteration
These operations need to be repeated
 number).

Nc
for
times for choosing Nv virtual users among
Nv

Nc candidates.
4 3
2
H
−1
• Cℓ̃ requires 3 Nv + 2M Nv for computing (B2 B2 )
v
2
and 2M Nv + 2M Nv + 2M Na + M for the matrix
multiplication in (18).
In contrast to the operations we just described, the complexity
associated with the perturbation vector optimization is hard to
be quantified mainly because the computational complexity
of the sphere encoding is non-deterministic. As a popular
way to quantify the complexity, the average number of nodes
visited has been considered [18], [19]. The lower bound on
the complexity of the sphere encoding CSE is [18]
β νNs − 1
CSE ≥ √
β−1

(30)

where β is a modulation order, Ns is the number of search
dimension,
and ν is the

 complexity component given by
4(β−1)
1
ν = 2 1 + 3ω2 SNR where ω is a constant. Noting that
CSE increases exponentially with the search dimension Ns and
Ns of the modified sphere encoding is smaller than that of
the standard sphere encoding (K ≥ Na ), we can argue that
the complexity associated with the modified sphere encoding
is smaller than that associated with the sphere encoding of
the standard vector perturbation. However, since the proposed
method requires two sphere encoding operations (standard
sphere encoding in (12) and modified sphere encoding in
(21)), the overall complexity (sum of two sphere encoding)
of the proposed method is larger than the standard vector
perturbation. Note that due to the variation of complexity
and latency, hardware implementation of the sphere encoding
might be a difficult task. As a way to get around the latency
and complexity issue, the fixed-complexity sphere encoding
(FSE) might be considered [20], [21]. This together with the
fact that extra operations are required only when virtual users
are selected due to the ǫ-outage, we expect that the additional
computations of the proposed method are fairly moderate. Ta-

An important issue to be considered, when user channels are
heterogeneous (i.e, there are large variations in SNR among
users) or some users are under stringent delay constraint, is to
guarantee fairness among users. Note that if the user selection
1
threshold is set to ǫ = K
Rorg , all symbols of worst users are
sacrificed for the performance improvement of active users
so that no fairness is guaranteed for the sacrifice user at all.
Whereas, if ǫ = 0, the proposed method returns to the standard
vector perturbation so that strict fairness is ensured among
users via a simple round robin scheduling. As an approach
making the compromise between the fairness and the sum
rate, proportional fair scheduling (PFS) has been popularly
considered in practice [22]. In each scheduling instant, the
PFS computes the ratio of the instantaneous to the average
rate for each user and then selects users associated with the
k
maximal ratio (k ∗ (t) = arg maxk R
). Even in this case, since
R̄k
the supportable rate Rk for the PFS decision is computed
using channel vectors hk only, we can combine the proposed
method and the PFS to improve performance of active users.
As mentioned, since all parameters of sacrificing users (information data, perturbation vector, and virtual channel vector)
can be arbitrarily chosen to improve the SINR of the system,
considerable performance gain can be obtained with negligible
impact on the fairness.
We summarize the modified PFS algorithm in Table III. Due
to the fact that the virtual user decision is performed after the
PFS scheduling, the weight µk of the sacrificing user will
increase, thereby providing better chance for this user in the
next scheduling instance.3
IV. E XTENSION TO M ULTIUSER MIMO D OWNLINK
S CENARIO
So far, we have considered multiuser MISO scenario where
the worst user under deep fading is sacrificed to improve
the performance of other users. We can readily extend the
proposed method to the multiuser MIMO downlink scenario.
Note that, since each user has multiple streams in this scenario,
we do sacrifice worst stream instead of user. In the multiuser
MIMO downlink system, a basestation equipped with Nt
antennas transmits information to K users. Each user has
Nr,j receive antennas and thus the total number of receive
PK
antennas is Nr =
j=1 Nr,j . In the sequel, we will use
the notation {Nr,1 , · · · , Nr,K } × Nt for this multiuser MIMO
3 For ensuring the strict sense fairness, one might add the condition for the
minimal service requirement.
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TABLE III
M ODIFIED PFS ALGORITHM

Initialization step
Main step

U denotes the set of all users
S denotes the set of users to be selected
1) At time t, initialize the set of selected vectors S = φ
2) Perform the PFS algorithm [22] to select K users maximizing µk Rk among |U| users
3) Apply the standard vector perturbation and proposed method to compute Rorg (S) and Rprop (S)
4) If Rprop (S) − (Rorg (S) − minj Rj,org ) > ǫ
S = S\{κ} where κ = arg minj Rj,org

−1
(s′ + τ ℓ′ )
Transmit x = √1 ′ H̃H H̃H̃H
γ

Else
−1
Transmit x = √1γ HH HHH
(s + τ ℓ)
End
5) Update the weights
which

 are the inverse of the time-averaged past throughput for all users k ∈ U
1
1
1
=
1
−
+ RkN(S)
for k ∈ S
µk (t+1)
Ns
s

 µk (t)
1
= 1 − N1s µ 1(t) for k ∈
/S
µ (t+1)
k

k

system. Denoting Tj as the precoding matrix, the received
signal at the jth user becomes
yj = Hj

K
X

Tj xj + nj

(31)
Rorg-MIMO

j=1

where Hj is the Nr,j ×Nt channel matrix from the transmitter
to the jth user, xj is the Nr,j ×1 transmit signal vector of user
j, and nj is the normalized complex Gaussian noise vector
with entries distributed according to CN (0, 1).
As a well-known approach for converting the multiuser
MIMO channel into the single user MIMO channel, the
block diagonalization (BD) algorithm [23] can be employed.
The main idea of the BD is to employ the beamforming
vectors annihilating all multiuser interference. The precoding
constraint to remove multiuser interference is
Hi Tj = 0 for i = 1, · · · , j − 1, j + 1, · · · , K.

(32)

Clearly, Tj should be a nullspace of H̃j = [HT1 · · · HTj−1
HTj+1 · · · HTK ]T . If we denote the SVD of H̃j as H̃j =
(1)
(0)
(0)
Ũj Σ̃j [Ṽj Ṽj ]H , then the right singular vectors Ṽj form
(0)
an orthogonal basis for the null space of H̃j . Thus, Ṽj
becomes the right choice for the precoding matrix Tj and
(31) becomes
(0)

yj = Heff,j xj + nj = Hj Tj xj + nj = Hj Ṽj xj + nj (33)
where Heff,j is the effective channel matrix for the jth user. By
(0)
precoding with Ṽj , the multiuser interference is completely
removed and thus the jth user experiences a point-to-point
MIMO link [23].
After the BD preprocessing, the vector perturbation technique can be applied to compensate for the transmit power
suppression caused by the zero forcing operation of the BD.
Since it is straightforward to apply the vector perturbation
technique for the system in (33), we skip the details. The
optimization function of the jth user is
ℓj = arg

min

ℓj ∈Z2Nr,j
′

where Z is the integer set and Nr,j is the number of transmit
streams for each user. The achievable rate of this MU-MIMO
scheme is [24], [25]

′

H−1
eff,j (sj + τ ℓj )

2

(34)

=

K
X

Rj,org =

j=1

=

r,j
K N
X
X

log2 (1 + SNRj,k )

j=1 k=1


r,j 
K N
X
X
ρλ2k
1+
Nr,j
j=1

(35)

k=1

where ρ = PσT2 and λk (k = 1, · · · , Nr,j ) is the singular value
n
of Heff,j .
Same as the MISO scenario, we can employ the proposed
scheme for the selection of virtual streams when effective
channels of certain streams are in outage. Since the system is
decomposed into K-independent single user MIMO systems
depending on the QoS of each user, we might use separate
outage threshold ǫj for each user’s effective channel matrix
H̃eff,j . The achievable sum rate for the proposed MU-MIMO
scheme is given by (see Appendix A)


K X
Na
2
X
ρξ
P l
  . (36)
Rprop-MIMO =
log 1 +
Nr,j
2 2
minξm
j=1 l=1
m=1 µm ξm
V. S IMULATION R ESULTS AND D ISCUSSIONS

In this section, we evaluate the sum rate and bit error rate
(BER) performance of the multiuser downlink systems (both
MISO and MIMO setup) through numerical simulations. We
consider the multiuser downlink channel with Rayleigh fading
(hij ∼ CN (0, 1)).
We first consider 4×4 MISO system with QPSK modulation
where one out of four users can help improving performance
of others (K = 4, Na,min = 3). For comparison, we
employ channel inversion, regularized channel inversion, as
well as standard vector perturbation. In Fig. 3(a), we compare
the sum rate of the proposed method and standard vector
perturbation, averaged over channel realizations, as a function
of the SNR. In this simulation, we set the outage threshold of
the proposed method to ǫ = 0.15Rorg . As can be seen from
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Fig. 3. Performance of 4 × 4 multiuser downlink system (ǫ = αRorg ): (a)
Sum rate and (b) BER.

Fig. 4. Performance of 4 × 4 multiuser downlink system with Nv variation
(ǫ = 0.15Rorg ): (a) Sum rate and (b) BER.

the figure, the sum rate difference between two approaches is
small and roughly constant. Therefore, as the SNR increases,
R −R
percent loss ( orgRorg prop ) of the sum rate decreases, resulting
in about 12% loss at 20 dB SNR. In Fig. 3(b), we compare
the BER performance of the proposed method along with
standard vector perturbation and others. The performance gain,
achieved at the expense of the sum rate loss, is noticeable so
that the gain at 10−2 BER is around 2.5 dB. We also observe
that the lower bound obtained by (24) is tight for mid and
high SNR regime so that we can easily predict the achievable
performance gain in the design stage. Overall, we observe that
the proposed method with α = 0.1 achieves higher sum rate

than that with α = 0.15, resulting in 7% gain at 20 dB SNR
at the expense of 0.5 dB loss in performance.
In Fig. 4, we plot the sum rate and BER performance of
the proposed schemes for Nv = 1 and 2. As expected, the
performance of the proposed method with Nv = 2 outperforms
that with Nv = 1 and standard vector perturbation, resulting
in about 1.5 dB and 3 dB gain at BER = 10−3 , respectively.
Since the performance trades off the sum rate, Nv = 2 scenario
incurs additional 15% loss in the sum rate.
So far, we have assumed that the base station has knowledge
of full channel state information (CSI). In Fig. 5, we investigate the performance of the proposed method along with the
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Fig. 5. Performance of 4 × 4 multiuser downlink system with various σe,h
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VI. C ONCLUSION
In this work, we investigated an approach achieving robustness of multiuser downlink in the vector perturbation.

Standard BD
Standard BD vector perturbation
Proposed method with BD

−1

10

BER

standard vector perturbation in the presence of channel estimation error. Since the mismatch between the actual CSI and the
estimated CSI is unavoidable in a real communication, and this
might result in degradation in performance, it is of importance
to investigate the effect of channel estimation error. In our
simulation, we use an additive channel estimation error model
where H = Hest + Herr where H, Hest and Herr represent
the true channel matrix, the estimated channel matrix and the
estimated error matrix, respectively. We assume that Herr is
uncorrelated with Hest and s, and Herr has i.i.d. elements with
2
zero mean and the estimation error variance σe,h
. In this setup,
it is clear that the estimation error becomes dominant factor
limiting performance improvement in high SNR. Although
2
both schemes show error floors when σe,h
= 0.05, we observe
that the proposed scheme is more robust to the estimation
errors than the standard vector perturbation. For example,
the performance gain at 10−3 BER of the proposed scheme
is about 3 dB over the standard vector perturbation when
2
2
σe,h
= 0.01, while the gain is around 2 dB for σe,h
= 0.
Finally, we consider the {4, 4} × 8 MU-MIMO system with
the QPSK modulation. As mentioned, the multiuser system is
converted into the single user MIMO system by the BD operation so that we might need an individual outage thresholds
ǫ1 and ǫ2 . For simplicity, we set ǫ1 = ǫ2 = 0.15R1,org in our
simulation
and hence the lower bound of the sum rate becomes
P2
(R
j,org − (Nr,j − Na,min )ǫ1 ). We observe form the Fig.
j=1
6(a) that the sum rate difference between two approaches is
moderate and further decreases as SNR increases. Whereas, as
shown in Fig. 6(b), the proposed method brings considerable
gain over the BD and the BD with vector perturbation,
resulting in 8 dB and 2.5 dB gain at 10−2 BER.
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15
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(b)
Fig. 6. Performance of {4, 4} × 8 multiuser downlink system (ǫ1 = ǫ2 =
0.15R1,org ): (a) Sum rate and (b) BER.

Motivated by the fact that whole mobile users in a link suffer
performance degradation since γ of the vector perturbation
affects SNR of all users alike, we sacrificed small part of users
in outage to improve the bit error performance of the rest.
This can eventually strengthen the ability to meet the QoS
of the practical mobile communication system. The benefit
of the proposed method, on top of the enhanced reliability,
lies in the point that the modification of transmit precoding
does not affect the receiver operation at all and the additional
complexity of the proposed method at the transmitter is fairly
moderate. Future research direction may include the complexity reduction of the transmission precoding and application of
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the proposed method into the codebook based systems.
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A PPENDIX A
ACHIEVABLE

RATE ANALYSIS OF THE PROPOSED

MU-MIMO SCHEME
Recall that the received signal yj is given by yj =
Heff,j xj + nj where xj = √1γ ′ H̃−1
eff,j s̃j . Define H̃eff,j =
j

Uj Λj VjH where Uj = [u1 · · · uNr,j ], Vj = [v1 · · · vNr,j ],
and Λ = diag(λ1 · · · λNr,j ). The normalized scalar factor γj′
is given by

−1
2
H
H
γj′ = kH̃−1
s̃
k
=
s̃
H̃
H̃
s̃j
j
eff,j
j
eff,j
eff,j
Nr,j

−2 H
= s̃H
j Uj Λj Uj s̃j =

X

µ2l ξl2 ,

(37)

l=1

where µl = λ1l > 0 and ξl = |uH
l s̃j |.
The received signal-to-noise-ratio (SNR) of each stream
ρξ 2
ρξ 2
SNRl can be represented by SNRl = γ ′l = PNr,j l 2 2
where ρ =
is given by
Rj =

Na
X

PT
2
σn

m=1

µm ξm

. Thus, the achievable rate of the jth user Rj

log(1 + SNRl ) =

l=1

Na
X
l=1

ρξl2

log 1 + PNr,j

m=1

2
µ2m ξm

!

. (38)

Note that the vector precoding is not applied in (38). The effect
of vector perturbation is to force ℓj to minimize γj′ so that s̃j
can be (coarsely) oriented in the coordinate system defined by
u1 , · · · , uNr,j [7].
By searching the proper precoding vector and controlling
ξm to minimize γj′ , we obtain an upper bound on achievable
rate of the proposed scheme for each user as


Na
2
X
ρξ
P l
  . (39)
Rj,prop =
log 1 +
Nr,j
2 ξ2
min
µ
ξ
l=1
m
m=1 m m

PNr,j 2 2
From (39), we need to solve for ξl = arg minξm l=1
µm ξm .
By the arithmetic-geometric mean inequality, solution oc2
curs when µ21 ξ12 = · · · = µ2Nr,j ξN
= ω02 for an arbitrary
r,j
2
H
constant ω0 > 0. Note that ξl = |ul s̃j | cannot be zero since
τ is chosen large enough. Therefore, Rj,prop can be represented
by


ω2


Na
Na
ρ µ02
X
X
ρ
l


Rj,prop =
log 1 +
=
log 1 + 2
Nr,j ω02
µl Nr,j
l=1

=

Na
X
l=1

l=1



ρλ2l
log 1 +
.
Nr,j

(40)

We obtain (40) by substituting µl for λ1l . In summary, the
upper bound of achievable sum rate for the proposed scheme
becomes
Rprop-MIMO =

K
X
j=1

Rj,prop .

(41)
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